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« Vedariga Jyotisa ( v.4) records:
» YT AW AJIOT AT HOTAT IUT
AGAGAGISIRATEATON ITford e far fEra= |

IMPORTANCE

« Ganta-sara-sangraha (GSS.1.16) that all the moving and non-moving beings
in all the three worlds cannot exist without Mathematics :
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Geometry is termed as Ksefra vyavahdrain IM. This includes
Constructions,

circumference and area of plane figures,

volume of solids,

Shadows,
geometrical results.

Topics related to geometry are found in Sulba siitras (earlier than
800 BCE), Aryabhatiya (499 CE), BrahmaSphuta Siddhanta (628 CE),
Ganita-sara-samgraha (850 CE), Lilavati (1050 CE), GanitaKaumudi
(1346 CE) and so on.



Plane figures
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* Ksetram means a flat surface. Applying by analogy (to
geometrical figures), whatever triangular field etc. that (is
considered). Triangle etc. are denoted as plane figures. Its
investigation is determining the measure of the hypotenuse
(diagonal), altitude, area etc.



Classification of Ksetra

Ksetra
|

TriaJlgle Quadrilatiral Circle&Arc

(tr&asra) (caturasra) (vrtta) (14)
atya Tribhuja Samakarna Visamakarna
W(l) (with eqlial diagonals) (with untqual diagonals)
(Right) (others) 4.samacaturbhuja 8. samacaturbhuja (rhombus)

| (square) 9. samatribhuja (3 sides equal)
AntarlamLa Bahirlamba 5.visamacaturbhuja 10. (2 pairs of sides equal)
(acute) (2) (obtuse) (3) 6.ayata(rectangle) 11. samadvibhuja (2 sides equal)
7.ayata-samalamba 12. visama-caturbhuja (unequal sides)

13. sama lamba (trapezium)



GEOMETRICAL CONSTRUCTIONS

Sulba siitras (earlier than 800BC) are the oldest available
geometrical treatises.

This has been developed for construction and transformation
of vedic altars of various shapes.

Baudhayana, Apastamba, Katyayana, Manava and many
others are the authors of the Sulba siitras.

Most of the constructions that we construct today are given in
the Sulba siitras.

Construction of fire altars (vedi) in the form of triangles,
quadrilaterals, circles etc., transformations of square equal in
area to a rhombus, circle etc. and vice versa; one figure equal
in area to the other.



Transforming square into a rectangle

 Baudhyana Sulbasitra (Ch 1.v.52) gives rule for transforming
square into a rectangle of equal area:
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* A square intended to be transformed into a rectangle is cut off
by its diagonal. One portion is divided into two equal parts
which are placed on the two sides of the other potion so as to
fit them exactly.



The square is transformed into a rectangle such that
the diagonal of the square equals the longer side of
the rectangle.

The square ABCD is divided by its diagonal AC.
The portion ADC is again divided into two equal
halves by GD and each is transferred to occupy the
position AEB and BFC. The AEFC is the required
rectangle . For,

Sqg. ABCD =tr.ABC + tr. AGD + tr.GCD
= tr.ABC + tr.AEB + tr.BFC
= rect.AEFC




Area of rectangle = area of square

. 2
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Constructing a square equal to Sum of Two Squares

» AATIIIA HEA Faoi ]I H: 0T THIH! JUHATCE T | JLUET 380N Tool:
JATIAT: YTAHATAT AdTd| (BSS 1.50)

“To combine two different squares, K
mark a rectangle in the bigger square
with a side equal to side of smaller
square. The diagonal of this is the side A F D
of the sum of two given squares,’

AE2 = ABCD + CGHI H
= AB? + CG?
= AB? + BE?



Area of sum of two squares = one square
Area of(ABCD +ICGH)= Ar(ADIHE +ABE+EGH) =Ar(ADIHE+KIH+ADK)
Area of AEHK = AE?







Measurements of the bricks used in Syena citi, as
given in Sulbasitras




Excavation of S'yenaciti

* Recently S"yenaciti shaped fire-altar has been excavated at
Purola, Uttarkhand, which is dated around 15t century BCE, the
picture of WhICh |s glven below




Manava Sulbasiitra (11.15) explains:
T FATET HATS, &e]: HICATTETELNALT |
ﬁarmmﬁ—qﬂﬁm—gd ad A ||

“Divide the square in to nine parts by drawing three (parallel) lines

from two sides; drop out the fifth portion (in the centre) and fill it
up with loose earth”.

Let OH in figure be the radius of the circum-circle of the square
ABCD (to be converted in to an equal circle). Leaving out one-fifth
of the height (utsedha) OH, the circle drawn with the remaining

height OK (= 4 OH/5) will be the required circle having the area of
the given square.




Let s and r be the side of given square and radius
of equal circle constructed respectively. Now,

r=0OK = (4/5) OH = (4/5) OD = (4/5) (s/2) \2

=2\2s/5.

nr2 =(22/7)2N2 s/5)2 = (176/175) s~ s2.

By construction, nr? = s2.

Hence the implied approximation is found to be
(2N2 5/5)? = s2
ie.m=25/8=23.125.



Dividing a line, circle, triangle into number of equal areas

Drawing a line at right angles to a given line from a point on it and
outside it;

Constructing a square, rectangle,trapezium, parallelogram;

Constructing a square equivalent to i) given triangles, ii) two given
pentagons, iii) given rectangle; iv) a rhombus, v) isosceles triangle

Constructing a rectangle equivalent to a trapezium;

Constructing a rhombus equivalent to a square or rectangle and
vice versa;

Constructing a triangle equivalent to a square
Constructing a Circle equivalent to a square & viceversa
Vedis in the form of kiirma, Syena citi and so on.



» Boudhayana- Sulba Sitra (1.48)(earlier than 800 BC) gives
the result, known today as Pythagoras Theorem (6" century

BC):

: Wzmﬁuﬁﬁﬁ@ﬁamw

* “The diagonal of a rectangle produces both the areas which
are produced separately by its length and breadth.’

* This theorem has to be called as bhuja-koti karna nydya or
as Sulba theorem instead of Pythagoras theorem.

* Most of the 1
were known to the Sulba Priests.



The Jaina text (3™ cent.BCE) Jyotfisakaranda which purports
to expound the knowledge contained in the Siryaprajriapti
gives the following formulae:

where c is the chord, a the arc, A the height of the segment
and d the diameter of the circle.

f Z Z
c= J3h(d—h)  p= |&=

a = Veh+ 2 d = 3

Circumference of a circle =
Area of the circle = circumference x d/4



ARYABHATIYA-499 CE

The geometric concepts given in
Ganitapada of this work:

Area of plane figures such as triangle,
trapezium and circle,

Volume(approximate) of right pyramid
and sphere,

circumference and chord of circle,
R-sine table, shadows,

theorems on square of hypotenuse and on
square of half-chord.



CIRCUMFERENCE- DIAMETER RATIO

* The rule for circumference- diameter ratio is given

AlL10)
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* 100 plus 4, multiplied by 8 and added to 60000; this is
the nearly approximate measure of the circumference of

a circle whose diameter is 20000.” %}E
Geft real.

¢ i.e., circumference 62832

= —— = 3.1416 = 7 value |
diameter 20000 |

» This value first occurs in Aryabhatiya. It is noteworthy
that Aryabhata has specified the above value as
approximate (dsannalz)).




SULBA THEOREM

« Bhaskara (1150 A.D.) states (L.136):

(ii) e -b? =2°
o (iii) C-2 =b°




Proof of the theorem using Areas

* Let the given triangle have base (bhuja) as x and altitude (kofi) as y and x>y.
By taking four triangles, which are congruent to this triangle, after
juxtaposing them a quadrilateral with hypotenuses of triangles taken, as
equal sides (square, as each of its angle is a right angle) is

obtained as in Fig :
* The side of the inside square PORS, OR = BR— BO=x— .
* The area of this square is (x— y)>2.

* The area of triangle BRC is % x base x altitude i.e. 72 x x x y.
* Sum of the areas of the four equal triangles is 4 (2 x xx y)

* Area of the square ABCD = sum of areas of the four equal triangles + area
of PORS.

= 4 (xxxy)+(x— y)?
=2xy+x+ )2 —2xy (by L138)
BC2 =x2+y?









EXAMPLE
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"W 3§ There was a palm tree 100 C
| W A (cubits) high and there was a well
1 C(T a distance of 200 C from the
"tree. Two monkeys were at the
top of the tree. One of them
came down the tree and walked
to the well. The other one
jumped up and then pounced on
the well along the hypotenuse. If
both covered equal distances,
find the length of the second
monkey's jump.




SOLUTION: N Y.Y.
Jump =DC = (tree x ground) | BlE /.
+ (2 x tree + ground) >
= 100 x 200

(2 x 100) + 200
=b0c¢
If we take the equations as
(x + 100)? +200%? = h?
and x + h = 100+ 200

We get the same result.
An objection may be raised
that the second monkey
traverses a parabolic path.
But as per the conditions
on his movement, the path
is to be taken a straight A ground
line.
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A lotus whose height above the
water surface was one vita [3 C (
(cubit) ], and its tip bent by a
rustling wind, sank at a distance of
2 C. O | Mathematician, tell me
quickly the depth of water.

altitude x-vy

.



D where the tip touches the
water level, BD is called the base. ¢
The height of the lotus = the
distance between B, the point
where the lotus stem meets the
water and C above the water
surface =AD - AB = hypotenuse -
altitude. Altitude (AB) is the
depth of water.

altitude x-y

= _



Solution: Here (x-y)? +ré =x@

S.X% = 2Xy +y2 + ré = Xx°

nx=3z [{(r?) /y}+y]

AB = x-y =[{(r?) / y} +y]-y
AB =3 [{(r?)/y}-y]

altitude x-y

— -




Aksetra (Non- field)- upapatti by demonstration

 ‘Straight sticks of measures, equal to the sides of the figure, are to be arranged in the
place of sides, on the ground. (i) If sum of the other sides is less than or (ii) equal to the
longest side, then one end of the longest side does not touch the tip of the sum of other
sides that It is very clear that it is impossible to have (closed) region within the sides, so
that it is not a field(with positive area).’

« i)a+b<c

»
»

4

« (iJ)a+b=c

v

= /\%
. (iii)a+bic /\

v

v

v
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Area of Rhombus —From known result

* In a rhombus, the diagonals divide it into 4 triangles. Then 4 other equal triangles are

arranged by juxtaposing the sides to complete a figure ABCD (Fig ) PR L OS; ZPOQ =
£ZPAQ=90° (AOQP= A APQ).

In the same way LA =/B=/C=/D.i.e. ABCDis a rectangle.
Area of rectangle ABCD = obtained is d;, x d, and is twice the area of rhombus.
Thus area of rhombus PORS="%x d,x d,; d,and d,being the length of the diagonals.
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Second diagonal of a quadrilateral —logical

upapatti

* A rule is given in L.180- 81, when a diagonal is known, to find the
second diagonal of a quadrilateral:

* In the adjoining Fig. AF &CE are perpendiculars to given diagonal BD.
To Prove : AC = \/(AF + CE)? + EF?

G
D C G
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* Let ABCD be a quadrilateral as in Fig..

* The diagonal BD divides the quadrilateral into two triangles.
The perpendiculars drawn from A and C to the diagonal BD
fall on either side of ACand meet BD at Fand E'respectively.

« FG = EC, FG 1 FE, EC | FE CEFG is a rectangle. So FE
parallel to GC and FE = GC). FE, the distance between the
feet of the perpendiculars is equal to altitude GC. Then EC =
FG; AG= AF+ FG= AF+ EC. The sum of the perpendiculars,
AG is the base of A AGC and ACis the hypotenuse, which is
the second diagonal of ABCD. In right A AGC,

. AC=+AG? + GC%i.e AC=./(AF + CE)? + EF?




AREA

A rule (L.169) to bring out the gross area of a
quadrilateral and area of a triangle:

. Gaqidee Ig:Rud t = e
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When the sides of the quadrilateral a, b, ¢, d and s is
the semi-perimeter, then

Area of quadrilateral(cyclic) =+ (s —a)(s — b)(s— ¢)(s — d)
Areaof triangle = /G _G-b)(G=-0(s)

Brahmagupta was the first to give the above formulae
and also the expression for the diagonals of a
quadrilateral.(Br.Sp.Si.XII1.28)




DIAGONALS OF QUADRILATERAL
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The above verse gives the following result. In a cyclic

quadrilateral ABCD, if a,b,c,d are the lengths of the
sides AB,BC,CD and DA respectively and its
diagonals AC = x and BD =y, then

I-' . " '
[led+bellecthd)

AL =x = |
N gb+cod

I, . !
[leb+edll ac+bd]

ED=v= | ; ,
. g Ledt+thec)

D

C

C



* M.Eves in “An Introduction To History Of
Mathematics’'(New York,1969) says about the above
result as ‘most remarkable in Hindu geometry and
solitary in its excellence.’

* “The above formula was rediscovered in Europe a
thousand years later by W.Snell about 1619 AD.’



DEMONSRATION AND GEOMETRC
PROOF

Bhaskara gives a rule for finding the area of a circle and finding
the surface area and volume of a sphere (£.201)

Ww&ﬁgﬁm %S aq.
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Area of circle = Y4 of diameter x circumference
=14 d x ¢ =mr?
Surface area of sphere = (% d x ¢) x 4 = 4mr?

Volume of sphere = (%4 d xc) x4 x d/6 = gnr?’



* The circular field is to be divided into two equal
halves.

* Divide this into conical sections, as many pieces as
possible.

* Arrange them in such a way that a rectangle is
formed.



DEMONSTRATION

% C

% d

< AAAAAAAA

% C

For this rectangle, one side is half of diameter and other
side is half of circumference.
The area of circle = area of rectangle formed

=%d x%c=%2rx2nr=mr’



A circular cloth whose diameter is equal to half of
the circumference of the greater circle of the
sphere is taken.

Half the sphere is covered by this circular cloth.

After covering the hemisphere, a small piece of
cloth just like a waist-belt is left.

This extra cloth subtracted from the circular cloth
is the surface area of hemisphere.






Area of circular cloth=4d xC=%4d x =nd
=UxWcecxntx¥xC
=14 1t X > 1>
~ (5/2) nr? as w2 ~ 10

The area of extra remaining cloth =% the
area of base circle = %2 nr?

Area of hemisphere = (5/2) nr? --'4 nr’= 2 7r?
—> Area of a sphere = 4 nr?



The whole surface area of the sphere is divided into
unit squares.

Thus there are 4nr’ unit squares.

Corresponding to each unit square, one thin conical
section is made.

The base surface of each cone is a square of unit
length i.e. its area is one unit square.

This has depth equal to half of the diameter.



Volume of 1 conical solid = base area x depth x 1/3
Volume of 1 conical section made

=1 unit square x (d/2) x (1/3) =d/6
Volume of 4 ©tr? conical sections = 4 ntr? x (d/6)

=4 1tr? x (2r/6)

= (4 ntr3 /3) cubical units

unit square

{
N\




Yuktibhasa

 Yuktibhasa of Jyesthadeva ( 1500 — 1610 AD) derives the expressions for the formulae
for volume of a sphere etc. with the help of the methods of Calculus,

* The derivation of volume of a sphere as in Ganita-yukti-bhasa , is as follows:

 Let r be the radius of the sphere and C , the circumference of a great circle.

* Areaof circle=(1/2) C x r (1)

» The half-chord B; is the radius of the j-th slice into which the sphere has been divided.
The correspondlng circumference is ( )B and from (1), the area of this circular slice is

=2 ()5

* If A is the thickness of the slices, then the volume of the j-th slice is = % (g) B]g A



* Volume of the sphere = the sum of the squares of the Rsines sz
1 (C
cV~ = (2) [B2+ B2+ B2lA (2)

. N
A P B B
. S

* Fig.Square of half-chord equals product of saras

* InFig. AP =PB =B, = jth half-chord, starting from N, the north
point.

. B2 = AP x PB=NP x SP  (by Aryabhatiya rule Ganita 17)
. = 5 [(NP + SP)* — (NP? + SP%)]
~ [(2R)? — (NP? + SP?)] 3)



cifAa=2 , be the thickness of each slice, the j-th Rversine

n

NP =j A and its complement SP =(n—j)A. Hence, while summing the
squares of the Rsines B , both NP2 and SP 2 add to the same result. Thus

by (2) and (3)
V= % (5) (E) (%) |[(2r)2 + (2r)% ... + (21)?]

OGO @0 @ rw]

* For large n, the sum of the squares (varga-sankalita) is essentially one-
third the cube of the number of terms. Then (4) becomes

V=)o)

: ()dz 276" (21‘)2=§1T1‘3

* Hence Volume of sphere = one-Zixth of circumference x square of
diameter, which issameasV=_m r3



Moreover there are rules, examples and demonstrations
to find

the arrow,

chord and diameter of a circle,

sides of regular polygon inscribed in a circle,
arc length from chord,

area of segment etc.



KHATA VYAVAHARA

 This chapter he deals with excavations (khata), stacks
of brick and the like, sawing of timber and stores of
grain.

. Rule (L. 214) for Volume of i 1rregu ar solid :
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 Volume = [bh



To find the volume of a pyramid and its
frustum, a rule i Is g1ven (L.21 7)

@tcmdmmgmdmmmq gd qied: |
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Volume (V) of a frustum with similar
rectangular faces of sides, ‘a,b” and “c,d’;
depth ‘i’ is given by

={ab+cd +(a+c)(b+d)} (h/6)




Fig. 10. 5
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. A frustum is with bottom base as ax b =5 x 6 and top face ¢x d= 10 x 12
and depth 7 units.

« BV says (a) A rectangular cuboid (samakhata) of sides a =5 and b6 = 6 and
depth A = 7 units inserted (b) Four triangular prisms(sdci-khalas) on the 4
vertical face. (c) Four rectangular pyramids at the 4 corners of the top face of
the box.

* In the middle, there is a samakhata with sides 5, 6 and depth 7. [ Fig. (i)]. Its
volume = 5x6x7 = 210.

* 2 SUcI-khalas on the side 5, with volume 2 x {7 X g X

2 x 22 = 105[ Fig. (ii)]

~ =
« 2 sUcl khatas on the side 6, with volume =2 x{ 7 X g X 102_5}= 2 X 1705 =105

[shown in Fig. (iii)]. Two such sections together make a parallelopiped; so each
Is half the volume of a parallelopiped.

12 -6

A

* 4 rectangular pyramids with volume =4 X {Z x 122° % 102_5 =4 X 3—25 = 70 [ Fig

(iv) ]. Three such sections together make 1 paraﬁelopiped; so each is one third
of the volume.

* The sum of the volumes is the volume of the frustum
=210 +105 +105 +70 = 490 cu.units




* volume of rectangular box, V, = abh

* Volume of 4 triangular prisms, V,=2. g : %. h+2. gh. cz;a h.
* Volume of 4 rectangular pyramids, V, = 4. - ;a. dz_b .3
* Adding the 3 volumes
V=V +V +V =abh+2.g.ﬂ.h+2.2.c_a.h+4 S0 daml
S ey 2" 2 2" 2 2" 2 '3
: o p@d e o abs
, 6 6 3 3
. =—(ab+cd+ad+ab+bc+cd)
. =g{ab+cd+(a+c)(b+d)}

* Volume required in the example (L. 218) is
7 1
. g{5><6+1o><12+(5+1o)(6+12)} =2 X 2940 = 490.

* Figures, as explained in Buddhivilasini, give the vertical cross section of the
excavation as looked from top and the horizontal cross section. In modern
Engineering drawing these are said to be '‘Plan and Elevation.’



EXAMPLE

* There is a well in the shape of a frustum of a pyramid. Its
top is a rectangle of sides 10 and 12 cubits. The base is

half the size of the top i.e. 5 and 6 cubits. If its height is 7
cubit, O friend! Find the volume of the well.

* Solution: Volume ={ab + cd +(a + c)(b +d)} (h/6)
={10x 12 + 5x 6 +(10 + 5)(12 + 6)} (7/6)
=490 cubic cubits.

* Ganita Sara Sangraha (GSS) ( 850 AD) gives a rule for
finding the volume of frustum-like solid in 3% verses
(GSS.VIIL9-11%)




SHADOWS AND GNOMON

* A rule (L.234) to find the length of shadow when the
distance between the lamp-post and gnomon is given:

. G qudmlg,dcwdm |
ST MaTerNe (ARG =h: 1R3% 1

« Distance (b) between the foot of
the lamp-post and foot of the pole
is multiplied by pole-height (a),
divided by the difference in
height (1) of the lamp-post and
pole to get the shadow.

 Shadow (s) =(axb)/h B b F s C
* (AEFC~AADE = s/b=a/h)



Shadow
problem




If BD = 3 C [cubits = 72 angulas], AB = 3%2 C (84A) and CD = 12A. Find the length
of the shadow.

Solution: PD = CD x CQ where CQ =BD =72 and AQ =84 - 12
AQ
= 12 x72 =12 A
84 - 12




Brahma- Sphuta- Siddhanta gives varieties of problems on
shadows.

To find the distance of reflecting water from the house (
BSS5.XIX.17):

W@?ﬁ%qg;mqmmu |

The distance between the house (AB) and the man is divided
by the sum of the heights of the house and the man’s eyes,
multiplied by the height of the eyes (CD). The tip of the
reflection of the house will be seen when the reflecting water
is at a distance equal to the above product.

If ( E) is the reflecting point, the man will be able to see the

tip of the image (A”), when DE = f; KEE




AABE ~ACDE = CD/AB =DE/BE
= CD/(AB +CD) =DE/ (BE+ DE) = DE/BD
:>DE: ED X CD
ABE +CD

Also, AB/CD =BE/DE = Height of the house =
AB = (BE xCD)/DE

A




GEOMETRICAL ALGEBRA

» Nilakantha in his  Aryabahtiyabhasya  (p.72)
introduces Sredhzksetm to establish the summation

formula of Arithmetic progression

| 2d +a+ 2d =l+a

n/2

l+a

Area= n/2 (I+a) = sum of the series

Patiganitam (rules 80- 82) also describes the construction of
Sredhiksetras (series figures)



Foreign Scholars of Indian Mathematics and
Astronomy

H. Colebrooke — United kingdom(19t" cent.)
David Pingre — United States (20t cent.)
Takao Hayashi — Japan

Michio Yano — Japan

Kusuba — Japan

Kim Plofker — United States

Clemency — New Zealand

When foreign scholars are learning Sanskrit and building up their
career on Indian mathematics and astronomy why not Indians?



What is needed

In TheTimes of India (Kolkata, August17,p10), there appeared an interview
of Manjul Bhargava, who was awarded the Fields Medal in 2014.

When asked: Why is India still a middlepower in mathematics despite its
famed legacy?

The reply that Manjul gave was:

Students in India should be taught about the great ancient Indian
mathematicians like Panini, Pingala, Hemachandra, Aryabhata and
Bhaskara. Their stories and works inspired me, and | think they would
inspire students across India. Many of these works were written in Indian
languages in beautiful poetry, and contain important breakthroughs in the
history of mathematics.



Most of the Indians do not know that a vast ancient
scientific literature including books on mathematics,
science etc. exist in India.

The purpose of the workshop :

to make the youngsters know about the greatness of
mathematicians and mathematics that existed in India
centuries ago, while the other country men did not
even know how to calculate,

to boost up their self-confidence when they think that
if their ancestors could excel the rest of the world, they
also can and

to initiate them into new ideas and research.
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